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In purely non-dissipative systems, Lagrangian and Hamiltonian reduction have proven to be pow-
erful tools for deriving physical models with exact conservation laws. We have discovered a hint that
an analogous reduction method exists also for dissipative systems that respect the First and Second
Laws of Thermodynamics. In this Letter, we show that modern gyrokinetics, a reduced plasma
turbulence model, exhibits an accidental metriplectic structure. Metriplectic dynamics in general
is a well developed formalism for extending the concept of Poisson brackets to dissipative systems.
Our result suggests that collisional gyrokinetics, and other dissipative physical models that obey
the Laws of Thermodynamics, could be obtained using an as-yet undiscovered metriplectic reduc-
tion theory. If uncovered the theory would generalize Lagrangian and Hamiltonian reduction in a
substantial manner.
Construction of reduced models in physics, when done
rigorously, usually results in equations that are expressed
in terms of formal infinite series. In order to make practi-
cal progress with such models, the series must always be
truncated while respecting the essential physics. If the
truncation is done carelessly, spurious unphysical effects
may rise, as in, e.g., the basic formulation of the Burnett
equations [1].
A particularly difficult truncation problem arises in the
formulation of collisional gyrokinetics (see Refs. [2, 3] and
references therein). Because gyrokinetics is used as a tool
for modeling plasma turbulence, it is essential that the
effects of collisions in the theory do not lead to a vio-
lation of The First and Second Laws of Thermodynam-
ics. Artificial sources or sinks of energy or momentum
could drastically alter the steady-state turbulence am-
plitude, and therefore the predicted turbulence-induced
transport levels. On the other hand, due to the com-
plicated dependence of the gyrokinetic equations on the
background magnetic field geometry, it is nontrivial to
include a collision operator in the theory when starting
from first principles. Although an asymptotic expansion
of the correct collision integral is straightforward to find,
truncating the expression without violating the First or
Second Law is difficult. In contrast, formulating energy
and momentum conserving gyrokinetic equations with-
out collisions can now be done systematically using La-
grangian [4, 5] and Hamiltonian reduction [6].
A resolution of this vexing issue in gyrokinetic theory
was put forward in Ref. [7], were a collision operator was
discovered that addresses the truncation problem with-
out destroying the conservation laws or the H-theorem.
The key step in the analysis amounted to being mind-
ful of the basic properties of the Landau collision op-
erator [8]. In other words, a problem-specific trick was
found. It would be extremely interesting and useful if
there was a more profound theory underlying these re-
sults, in particular, a generalization of Lagrangian and
Hamiltonian reduction for dissipative systems. If uncov-
ered, such a theory could become an essential tool for
unraveling truncation problems in many different areas
of physics research [9].
In this Letter, we report on a discovery that suggests
a promising candidate for such a general dissipation-
compatible truncation tool. Specifically, we show that
the modern formulation of collisional electrostatic gyroki-
netics exhibits a metriplectic structure. This beautiful
mathematical framework, discovered amidst the 1980’s
(see, e.g., Refs. [10–17]), extends the Poisson bracket
formulation of classical mechanics to dissipative systems
that obey the First and Second Laws of Thermodynam-
ics. This suggests that collisional gyrokinetics, and other
dissipative physical models that obey the Laws of Ther-
modynamics, may be obtained using an as-yet undiscov-
ered metriplectic reduction theory. Metriplectic reduc-
tion, if it exists, would generalize Lagrangian and Hamil-
tonian reduction in a substantial manner.
The model problem we consider is a variant of full-
F collisional electrostatic gyrokinetics. The system of
equations is
∂Fs
∂t
+ {Fs, H
gy
s }
gc
s =
∑
s¯
Cgyss¯ (Fs, Fs¯), (1)
∇ ·E = 4π(ρgy −∇ ·P ), (2)
where Fs is the gyroangle-independent gyrocenter dis-
tribution function, ρgy(x) =
∑
s es
∫
Fsδ(X − x) dz
gc
s is
the gyrocenter charge density, P is the gyrocenter po-
larization density, and Hgys = K
gy
s + esϕ is the single-
gyrocenter Hamiltonian. The single-gyrocenter Poisson
bracket { · , · }gcs of species s is derived by taking an
exterior derivative of the symplectic part of the single-
gyrocenter Lagrangian one-form, and thus is a genuine
Poisson bracket. Explicitly,
{F,G}gy =
e
mc
(
∂F
∂θ
∂G
∂µ
−
∂F
∂µ
∂G
∂θ
)
+
B∗
mB∗‖
·
(
∇∗F
∂G
∂v‖
−
∂F
∂v‖
∇∗G
)
−
cb
eB∗‖
· (∇∗F ×∇∗G) , (3)
2with the standard definitions
B∗ = B +
mc
e
v‖∇×
(
b−
mc
e
µR
)
, (4)
∇∗ = ∇+R ∂/∂θ, (5)
R denoting the Littlejohn’s gyrogauge field, and B∗‖ =
b · B∗. We remark that the volume element dzgcs =
B∗‖s d
3X dv‖ dµ dθs, and therefore implies an integration
with respect to the species-s gyrophase.
The function Kgys is the gyrocenter kinetic energy,
which may be written entirely in terms of the electric
field as
Kgys =
1
2
mv2‖ + µ|Bo| − e〈Jρo ·E(X + ǫρo)K〉
−
e2
2µ|Bo|
〈Jρ˜o ·E(X + ǫρo)ρ˜o ·E(X + ρo)K〉
−
e2
2mω2c
bo · 〈E˜(X + ρo)× IE˜(X + ρo)〉. (6)
Here 〈·〉s = (2π)
−1
∫
2pi
0
· dθs denotes the average with re-
spect to the species-s gyroangle, tildes denote the fluc-
tuating part of a gyroangle-dependent quantity, I = ∂−1θ
is the gyroangle antiderivative, J·K =
∫
1
0
· dǫ, and ρo is
the zero’th order (gyroangle-dependent) gyroradius vec-
tor. The net gyrocenter kinetic energy, which is defined
as
K(E) =
∑
s
∫
Kgys Fs dz
gc
s , (7)
defines the gyrocenter polarization density according to
P = −δK/δE.
The right-hand-side of the kinetic equation (1) is given
by the energetically-consistent gyrocenter collision op-
erator of Ref. [7]. As in Ref. [7], the expression for
Cgyss¯ (Fs, Fs¯) requires the definitions of the gyrocenter po-
sition vectors ys(z) = X + ρos, the gyrocenter relative
velocity vector
w
gy
ss¯ = {ys, H
gy
s }
gc
s (z)− {ys¯, H
gy
s }
gc
s¯ (z¯), (8)
the scaled projection matrix
Qgyss¯ (z, z¯) =
P(wgyss¯ (z, z¯))
wgyss¯ (z, z¯)
, P(ξ) = I−
ξξ
|ξ|2
, (9)
and the three-component collisional flux vector
γ
gy
ss¯ =
∫
δgyss¯ (z, z¯)Q
gy
ss¯ (z, z¯) ·A
gy
ss¯ (z, z¯) dz¯
gc
s¯ , (10)
where the gyrocenter delta function is δgyss¯ (z, z¯) = δ(ys−
y¯s¯), and the vector A
gy
ss¯ is defined according to
A
gy
ss¯ (z, z¯) = Fs(z){y¯s¯, Fs¯(z¯)}
gc
s¯ − Fs¯(z¯){ys, Fs(z)}
gc
s .
(11)
With these definitions, the gyroangle averaged collision
operator is given as
Cgyss¯ (Fs, Fs¯) = −
css¯
2
〈
{ys,i, γ
gy
ss¯,i}
gc
s
〉
s
, (12)
where the symmetric coefficient is css¯ = 4πe
2
se
2
s¯ ln Λ. This
collision operator conserves total energy and species-wise
particle number while producing entropy monotonically.
Moreover, when the background field is either axisym-
metric or translation symmetric, it conserves the corre-
sponding total momentum. For an explicit proof of the
conservation laws and entropy-production property, see
Ref. [7].
In the absense of collisions, electrostatic gyroki-
netic theory naturally has the structure of an infinite-
dimensional Hamiltonian system. This structure was first
studied by Squire et. al. in Ref. [18]. Thus, when the
collision integral in (1) is dropped, one should expect
that the resulting system is Hamiltonian in nature. Be-
cause this Hamiltonian structure appears as an essential
ingredient in the metriplectic formulation of collisional
electrostatic gyrokinetics, we now take the time to sum-
marize it.
As is true of any Hamiltonian system, the Hamiltonian
structure of collision-free electrostatic gyrokinetics con-
sists of three parts: (1) the system’s infinite-dimensional
phase space, (2) the Hamiltonian functional HGK, and
(3) the Poisson bracket {·, ·}GK. The phase space is the
easiest piece. It is not difficult to show that the electro-
static potential may be expressed in terms of moments
of the distribution function using the gyrokinetic Poisson
equation, i.e. ϕ = ϕ∗(F ). Thus, the gyrokinetic Vlasov-
Poisson system may be written as a first-order ODE on
F -space where the time derivative of F is given by the
collisionless kinetic equation. It follows that the infinite-
dimensional phase space for electrostatic gyrokinetics is
just F -space. The Hamiltonian H is slightly less trivial
to identify, but may be guessed starting from the energy
expressions given in Ref. [19, 20] for kinetic systems with
polarization effects. We have
HGK =
∑
s
∫
Kgys Fs dz
gc
s +
∫
P ·E d3x+
1
8π
∫
|E|2d3x
=
∑
s
∫
Hgys Fs dz
gc
s −
1
8π
∫
|E|2 d3x (13)
Note that in this expression the electrostatic potential
must be regarded as the unique functional of the distri-
bution function given by solving the gyrokinetic Poisson
equation, i.e. ϕ = ϕ∗(F ). Finally, the following expres-
sion gives the Poisson bracket of two functionals F(F )
and G(F ):
{F ,G}GK =
∑
s
∫ {
δF
δFs
,
δG
δFs
}gc
s
Fs dz
gc
s , (14)
which represents a convenient simplification of the
bracket reported in Ref. [18]. In fact, Eq. (14) is an ex-
ample of a so-called Lie-Poisson bracket [21], which is
3perhaps the simplest non-canonical bracket one would
expect to see in a continuum field theory. Here the func-
tional derivative of an observable A(F ) is the unique
gyroangle-independent function of (X, v‖, µ) such that
δA(F ) =
∑
s
∫
δA
δFs
δFs dz
gc
s (15)
for arbitrary variations δFs.
This Hamiltonian structure is related to collisionless
gyrokinetic dynamics as follows. Given a functional Q
on F -space, the dynamics of Q(F ), with F evolving ac-
cording to the electrostatic gyrokinetic Vlasov-Poisson
system, are specified by
dQ
dt
= {Q,HGK}GK. (16)
By choosing Q(F ) =
∫
δ(z − z¯)F (z¯) dz¯gc, Eq. (16) re-
produces the collisionless limit of (1). The least straight-
forward step in demonstrating this fact is showing that
the functional derivative of HGK is the single-gyrocenter
Hamiltonian Hgys , i.e. H
gy
s = δHGK/δFs. To see that
this is so, observe that an arbitrary variation of the gy-
rokinetic system Hamiltonian is given by
δHGK =
∑
s
∫
Hgys δFs dz
gy
s
+
∫
(ρgy −∇ · P − (4π)
−1∇ ·E) δϕ d3x, (17)
where the variation of the electrostatic potential δϕ is a
complicated linear functional of δF . Because ϕ = ϕ∗(F )
in the gyrokinetic Hamiltonian, the gyrokinetic Poisson
equation may now be used to kill the second term, and
thereby deduce the desired result.
Metriplectic dynamics [10–17] provides a convenient
framework to describe systems that exhibit both Hamil-
tonian and dissipative character. The Hamiltonian con-
tribution in such a system is represented in terms of
an energy functional H and an antisymmetric Poisson
bracket { · , · } while the dissipative contribution is repre-
sented in terms of an entropy functional S and a symmet-
ric, negative semi-definite metric bracket ( · , · ). When
combined, the evolution of a given functional Q is ob-
tained from the equation
dQ
dt
= {Q,F}+ (Q,F), (18)
where F = H−S denotes a generalized free-energy func-
tional that is dissipated via increase in the system en-
tropy.
For this framework to respect the laws of thermody-
namics, one requires H to be a Casimir invariant of the
metric bracket and S a Casimir invariant of the Poisson
bracket. Furthermore, S must not be a Casimir of the
metric bracket. Then, it is straight forward to verify the
properties dF/dt ≤ 0, dH/dt = 0, and dS/dt ≥ 0. The
system may display also other Casimir invariants {Ci}i
which are invariants of the total bracket. In an equilib-
rium state, dQ/dt = 0 for all possible Q. One way for
such a state to exist is that the free-energy functional is
a linear combination of the common Casimir invariants
of the two brackets according to
F =
∑
i
ci Ci, (19)
where the coefficients ci are uniquely determined by the
initial state of the system.
To find a corresponding metriplectic formulation for
electrostatic gyrokinetics, we have to dress the collision
operator in terms of a symmetric bracket. Fortunately,
this turns out to be a rather straight forward task, once
we employ the identity δHgy/δFs = H
gy
s .
In the expression (11) for the vector Agyss¯ (z, z¯), one
may identify functional derivatives δSGK/δFs of an en-
tropy functional
SGK = −
∑
s
∫
Fs(z) lnFs(z)dz
gc
s . (20)
A weak form of the collision operator (12), and some
further reasoning, then summon a symmetric, negative
semi-definite bracket
(A,B)GK = −
∑
ss¯
css¯
4
∫∫
Γ
gy
ss¯ (A) ·W
gy
ss¯ · Γ
gy
ss¯ (B)dz
gc
s¯ dz
gc
s ,
(21)
where the vector Γgyss¯ (A) and the symmetric, positive
semi-definite tensor Wgyss¯ are
Γ
gy
ss¯ (A) =
{
ys¯,
δA
δFs¯
}gc
s¯
(z¯)−
{
ys,
δA
δFs
}gc
s
(z), (22)
Wgyss¯ = δ
gy
ss¯ (z, z¯)Qss¯(z, z¯)Fs(z)Fs¯(z¯). (23)
It is straight forward to verify that evaluation of the
bracket (Qs,−SGK)GK, with respect to Qs =
∫
δ(z˜ −
z)Fs(z) dz
gc
s leads to the expression (12) evaluated at z˜.
To complete a metriplectic formulation for the electro-
static gyrokinetic model, we need to verify that the elec-
trostatic energy functional HGK is a Casimir invariant of
the metric bracket and that the entropy functional SGK
is not. This is straight forward to demonstrate: Since
δHGK/δFs = H
gy
s , we have
(HGK,B)GK =
∑
ss¯
css¯
4
∫∫
w
gy
ss¯ ·W
gy
ss¯ · Γ
gy
ss¯ (B)dz
gc
s dz¯
gc
s¯
= 0, (24)
where B is an arbitrary functional. This follows from the
property wgyss¯ · W
gy
ss¯ = 0. Entropy, on the other hand,
is not a Casimir of the metric bracket since a correct
choice for B reproduces the expression for the collision
operator as stated above. We may thus conclude that
the system consisting of equations (1) and (2) exhibits
4a metriplectic structure, and that the dynamics of any
functional is given by
dQ
dt
= {Q,FGK}GK + (Q,FGK)GK, (25)
where FGK = HGK − SGK is the gyrokinetic free-energy
functional.
We note that if the backgroundmagnetic field is axially
symmetric, the total toroidal angular momentum
Pφ =
∑
s
∫
pφs(z)Fs(z)dz
gc
s , (26)
is a Casimir of the metric bracket, though not of the
Poisson bracket. This can be verified as follows: Since
δPφ/δFs = pφs, with pφs the single-particle guiding-
center canonical momentum of species s, the expression
(Pφ,B)GK =
∑
ss¯
css¯
4
∫∫
Γ
gy
ss¯ (Pφ) ·W
gy
ss¯ · Γ
gy
ss¯ (B)dz
gc
s dz¯
gc
s¯
=
∑
ss¯
css¯
4
∫∫
ez × (y¯s¯ − ys) ·W
gy
ss¯ · Γ
gy
ss¯ (B)dz
gc
s dz¯
gc
s¯
= 0 (27)
vanishes identically since the integrand contains the term
(y¯s¯ − ys) δ
gy
ss¯ (z, z¯).
Thermodynamical equilibrium is reached once the dif-
ferential of the free-energy functional is a linear combi-
nation of the Casimirs of total metriplectic bracket eval-
uated at the equilibrium. The simplest way to achieve
this condition is to have the free-energy differential be
a Casimir of the Poisson bracket and the metric bracket
individually, which happens to imply the differential of
F is the sum of the total mass of each species. From
this condition, the equilibrium distributions Feq,s may
be solved by taking variations, which leads to
Feq,s ∼ exp
(
−
Hgys
T
)
(28)
with common temperature for each species.
To summarize, we have demonstrated that the mod-
ern formulation of collisional electrostatic gyrokinetics
exhibits a metriplectic structure. Our findings heavily
rely on the identity δHgy/δFs = H
gy
s which, in case of
full-F electromagnetic gyrokinetics, no longer holds. The
new result, however, strongly suggests that collisional
gyrokinetics, and other dissipative physical models that
obey the Laws of Thermodynamics, may be obtained us-
ing an as-yet undiscovered metriplectic reduction theory.
Theory of metriplectic reduction, if it exists, could ex-
pand the powerful Lagrangian and Hamiltonian reduc-
tion methods into physical systems that display the First
and Second Laws of Thermodynamics.
This research was supported by the U.S. DOE Con-
tract Nos. DE-AC02-09-CH11466 (EH) and DE-AC05-
06OR23100 (JWB). The research of JWB was carried
under the Fusion Energy Sciences Postdoctoral Research
Program, administered by the Oak Ridge Institute for
Science and Education (ORISE), managed by Oak Ridge
Associated Universities (ORAU) for DOE. All opinions
expressed in this paper are authors’ and do not neces-
sarily reflect the policies and views of DOE, ORAU, or
ORISEEH.
[1] C. Cercignani. The Boltzmann Equation and Its Appli-
cations. Number v. 67 in Applied mathematical sciences.
Springer-Verlag, 1988.
[2] A. J. Brizard and T. S. Hahm. Foundations of nonlinear
gyrokinetic theory. Reviews of Modern Physics, 79:421–
468, April 2007.
[3] I. G. Abel, M. Barnes, S. C. Cowley, W. Dorland, and
A. A. Schekochihin. Linearized model Fokker-Planck col-
lision operators for gyrokinetic simulations. I. Theory.
Physics of Plasmas, 15(12):122509, December 2008.
[4] A. J. Brizard. Variational principle for nonlinear gy-
rokinetic Vlasov-Maxwell equations. Physics of Plasmas,
7:4816–4822, December 2000.
[5] H. Sugama. Gyrokinetic field theory. Physics of Plasmas,
7:466–480, February 2000.
[6] J. W. Burby, A. J. Brizard, P. J. Morrison, and H. Qin.
Hamiltonian gyrokinetic Vlasov-Maxwell system. Physics
Letters A, 379:2073–2077, September 2015.
[7] J. W. Burby, A. J. Brizard, and H. Qin. Energetically
consistent collisional gyrokinetics. Physics of Plasmas,
22(10):100707, October 2015.
[8] Lew D. Landau. Die kinetische Gleichung für den Fall
Coulombscher Wechselwirkung. Physikalische Zeitschrift
der Sowjetunion, 10:154–164, 1936.
[9] A. N. Gorban, I. V. Karlin, and A. Y. Zinovyev. Con-
structive methods of invariant manifolds for kinetic prob-
lems. Phys. Rep.
[10] Allan N. Kaufman and Philip J. Morrison. Algebraic
structure of the plasma quasilinear equations. Physics
Letters A, 88(8):405–406, 1982.
[11] Allan N. Kaufman. Dissipative hamiltonian systems: A
unifying principle. Physics Letters A, 100(8):419–422,
1984.
[12] Philip J. Morrison. Bracket formulation for irreversible
classical fields. Physics Letters A, 100(8):423–427, 1984.
[13] Philip J. Morrison. Some observations regarding brack-
ets and dissipation. Technical report, Center for Pure
and Applied Mathematics Report PAM–228, University
of California, Berkeley, 1984.
[14] Miroslav Grmela. Bracket formulation of dissipative fluid
mechanics equations. Physics Letters A, 102(8):355–358,
1984.
[15] Miroslav Grmela. Particle and bracket formulations of
kinetic equations. In Fluids and Plasmas: Geometry and
Dynamics, pages 125–132. American Mathematical Soci-
ety, 1984.
5[16] Miroslav Grmela. Bracket formulation of dissipative time
evolution equations. Physics Letters A, 111(1-2):36–40,
1985.
[17] Philip J. Morrison. A paradigm for joined Hamiltonian
and dissipative systems. Physica D: Nonlinear Phenom-
ena, 18:410–419, 1986.
[18] J. Squire, H. Qin, W. M. Tang, and C. Chandre. The
Hamiltonian structure and Euler-Poincaré formulation of
the Vlasov-Maxwell and gyrokinetic systems. Physics of
Plasmas, 20:022501, 2013.
[19] P. J. Morrison. A general theory for gauge-free lifting.
Physics of Plasmas, 20(1):012104, January 2013.
[20] J. W. Burby. Finite-dimensional collisionless kinetic the-
ory. Physics of Plasmas, 24(3):032101, March 2017.
[21] Jerrold E. Marsden and Tudor S. Ratiu. Introduction to
Mechanics and Symmetry: A Basic Exposition of Classi-
cal Mechanical Systems. Springer Publishing Company,
Incorporated, 2010.
